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236 PEOBLEMS AND SOLUTIONS. 

(xi — xif + (2/1 — y 2 ) 2 + (zi — s 2 ) 2 + \f(xi, yu 21) + vF(x 2 , y 2 , z 2 ), 

where X and n are constants, shall all vanish. This gives us six equations, of 
which these are types: 

2{xl - X2) + ^Uo, 
dF 

— 2{Xx — Xt) + 11 r— = 0. 

Prom these, we have at once 

df df df 

But df/dxi, df/dy, df/dzi, are proportional to the direction cosines of the normal 
to f(xi, 2/1, zi) = at (xi, y\, Zi) . And x\ — x 2 , y\ — y it zi — z 2 , are proportional 
to the direction cosines of the line joining (xi, j/i, 21) and (.r 2 , yi, zi). Hence this 
line coincides with the normal. Similarly it is normal to F(xi, 7/1, si) = 0. 
Hence, the shortest distance must be perpendicular to both surfaces, but not 
necessarily conversely. 

372. Proposed by V. M. SPUNAR, Chicago, Illinois. 

Find the condition that the equation 



dx 2 



+§g-( 1+ S)'-° 



should have one solution expressible in integral powers of x; and show that if this condition 
is satisfied, every other solution of the equation possesses a logarithmic infinity at the origin. 

Solution by Albeet N. Nauee, St. Louis, Mo. 

Let y = to - *. Then finding the first and second derivatives of y with respect 
to x and substituting these values in the equation, we have 

This equation is of the form 

d 2 u 2 _ m(m + 1) 

where m(m + 1) = a 2 — \, or m = — f ± a and a = 1. This equation has the 
three following known solutions : 

(1) u-x™\^\ m _ i 22 + (TO _i )(m _ f) 2 j 2 4 (to _i )(to _3 )(to _j )3! 2«+ ••')' 

( , to to (to — 1) o?x 2 , m(m — 1)(to — 2) A' \ 

<2) u = e«*ar™ (1 ax + — ) -■ -^ + —} ~ -( -^ • • • ) , 

w \ to to(to — J) 2! to(to — J) (to — 1) 3! / 

... /",,»», to(to — 1) a 2 x 2 m(m — 1)(to — 2) a¥ , \ 

<3) u = e-°*x~ m ( 1 + - ax + — ) j-; -^ ) jf) ^ "5T + • • 4 • 

\ to to(ot — i) 2! to(to — 4)(to — 1) 3! / 
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Solution (2) is a finite primitive solution when m is an integer. When m is not 
an integer or zero, solution (1) gives an infinite series in powers of x. To have 
integral powers of x, m must equal — (2ra + l)/2 when n is any integer or zero; also 
in the original equation ± a must equal (2ra + 3)/2. 



MECHANICS. 



293. Proposed by B. P. finkel, Drury College. 

A man of weight w stands on smooth ice; prove that if, when he gradually parts his legs, 
kept straight, with his feet in contact with the ice, the pressure of his feet on the ice be constant, 
his head will descend with uniform acceleration; and that, if/ be the acceleration of his head, 
when his feet exert no pressure on the ice, their pressure on the ice, if /' were the acceleration 



of his head, would be equal to 



/ 



Walton's Problems in Theoretical Mechanics, p. 662. 



Solution by E. B. Wilson, Massachusetts Institute of Technology. 

We may analyze the man's total mass, M, into M " , the mass of the legs, 
and M ', the remaining mass. The forces acting are W down and P up. Let 
2a be the angle between the legs, I their length, a cos a the distance of their 
center of gravity below 0. Let c be the distance of the center of gravity of 
M' above 0. The head falls through the distance Z(l — cos a). The center 
of gravity of the whole mass is at a height 



2ir 



HP 




MP 



h = 



M'(c + I cos a) + M"{1 - a) cos a 



M = M' + M" 

above the ice. Hence the downward acceleration of the head is 

, 6? cos a 



r=-i- 



df 



The downward acceleration of his C.G. is 

_ M'l + M"(l - a) d 2 cosa _ W - P 

Hence, 



M df M 

M'l+ M"(l- a)f W-P 



M 



I M 



If P is constant, then /', which is the only possible variable in this equation, must 
also be constant. This proves the first part. 
If / be the value of /' when P = 0, we have 



